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Abstract The Linear Smoothing (LS) scheme [1] ameliorates linear and quadratic approximations over
convex polytopes by employing a three-point integration scheme. In this work, we propose a linearly
consistent one point integration scheme which possesses the properties of the LS scheme with three
integration points but requires one third of the integration computational time. The essence of the
proposed technique is to approximate the strain by the smoothed nodal derivatives that are determined
by the discrete form of the divergence theorem. This is done by the Taylor’s expansion of the weak
form which facilitates the evaluation of the smoothed nodal derivatives acting as stabilization terms. The
smoothed nodal derivatives are evaluated only at the centroid of each integration cell. These integration
cells are the simplex subcells (triangle/tetrahedron in two and three dimensions) obtained by subdividing
the polytope. The salient feature of the proposed technique is that it requires only n integrations for an
n− sided polytope as opposed to 3n in [1] and 13n integration points in the conventional approach. The
convergence properties, the accuracy, and the efficacy of the LS with one point integration scheme are
discussed by solving few benchmark problems in elastostatics.
Keywords Polygonal finite element method, Wachspress shape functions, numerical integration, linear
consistency, one point integration.
1 Introduction
Some of the constraints imposed by the conventional finite element method (FEM) is relaxed by the
introduction of elements with arbitrary edges/faces. Approximations on arbitrary polytopes have fueled
the development of Polygonal/Polyhedral Finite Element Methods (PFEM) [2,3,4,5]. POLY elements
offer added flexibility in meshing complex geometries through various meshing algorithms using Voronoi
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tessellation [6,7]. Such approaches were used to model complex geometries with inclusions [8], modeling
of polycrystalline materials [9,6,10].
Adaptive mesh generation and regeneration such as local refinement and coarsening is also sim-
plified with polytopes, since they naturally address the issues associated with hanging nodes [11,12].
This has led researchers to develop methods with polygonal discretizations, for example, mimetic finite
differences [13], virtual element method [14,15,16], finite volume method [17], discontinuous Galerkin
method [18], virtual node method [19] and the scaled boundary finite element method [20,21,22]. Further-
more, polygonal/polyhedral elements have also been used to solve problems involving large deformations
[23], incompressibility [7], contact problems [24] and fracture mechanics [25].
The flexibility provided by polytopes comes with challenges. First, the arbitrary polytopes usually
rely on rational basis functions, i.e., the ratio of two polynomials. The construction of approximation
functions over arbitrary polytopes is not unique. These approaches include: Mean value coordinates [26],
Harmonic shape functions [27], Laplace basis functions [28] and maximum entropy basis functions [2].
Integrating such rational functions exactly is not possible in general. One approach to integrate
over arbitrary polytopes is to sub-divide the region into triangles (in two dimensions) or tetrahedra (in
three dimensions) and then employ conventional quadrature schemes. Although, the approach is simple, it
requires “many” integration points to integrate even simple functions [28,29,30]. Moreover, the associated
approximations do not pass the patch test [29,30].
Inspired by the smoothing technique originally proposed for meshfree methods [31], a smoothing tech-
nique was proposed for polygonal elements in [32,20]. However, it was shown that the direct application
of the smoothing technique with average shape functions does not pass the patch test either and yields
less accurate results [20].
Within the framework of the smoothed finite element method (SFEM), Francis et al., [1] proposed a
linear smoothing (LS) technique. The LS scheme employs 3n and 4n integration points for two and three
dimensional elements, where n is the number of vertices of the polytope. It was shown with the help of
numerical examples that the LS scheme leads to improved accuracy and recovers optimal convergence
for the arbitrary convex polytopes. Moreover, it also passes the patch test to machine precision.
In this paper, we present a new one point quadrature rule over arbitrary star convex polytopes which
can reproduce linear strain. In order to achieve this characteristic, the Taylor’s expansion of the stiffness
matrix and the strain-displacement matrix is employed around the center of the subcell. The modified
derivatives are calculated at the centroid of each subcell and a conventional assembly procedure is adopted
to calculate the stiffness matrix. The robustness, the accuracy and the convergence properties are studied
with a few benchmark problems in elastostatics. The paper is organized as follows: Section 2 presents the
governing equations for elasto-statics. Section 3 presents the new one point quadrature scheme for star
convex arbitrary polytopes. Numerical results are presented in Section 4, followed by concluding remarks
in the last section.
2 Governing equations for homogeneous linear elastic material
2.1 Strong form
Consider a homogeneous isotropic linear elastic body occupying d = 2, 3 dimensional space defined
by an open domain Ω ⊂ IRd, bounded by the (d−1) dimensional surface Γ such that Γ = Γu ∪ Γt and
∅ = Γu∩Γt, where Γu and Γt are part of the boundary where Dirichlet and Neumann boundary conditions
are specified, with n the unit outward normal. The boundary-value problem for linear elastostatics is
defined by
∇ · σ + b = 0 in Ω, (1)
with the following boundary conditions
u = u¯ on Γu,
σ · n = t¯ on Γt, (2)
where σ is the Cauchy stress tensor and u : Ω → IRd is the nodal displacement field of the elastic body
when it is subjected to external tractions t¯ : Γt → IR
d and body forces b : Ω → IRd.
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2.2 Weak form
We first define the infinite dimensional trial (U ) and test spaces (V ). Let W(Ω) be the space including
linear displacement fields.
U :=
{
u ∈ [C0(Ω)]d : u ∈ [W(Ω)]d ⊆ [H1(Ω)]d, u = u¯ on Γu
}
,
V
0 :=
{
v ∈ [C0(Ω)]d : v ∈ [W(Ω)]d ⊆ [H1(Ω)]d, v = 0 on Γu
}
.
The Bubnov-Galerkin weak form is obtained by testing the strong form Equation (1) with the test
functions in V 0 and integrating over Ω. Using the divergence theorem and the fact that the test functions
vanish on the Dirichlet boundary Γu, we obtain the weak form:
Find u ∈ U such that, for all v ∈ V , a(u,v) = ℓ(v), (4a)
a(u,v) =
∫
Ω
σ(u) : ε(v) dV, (4b)
ℓ(v) =
∫
Ω
b · v dV +
∫
Γt
tˆ · v dS, (4c)
where ε = 12
[
∇u+∇uT
]
is the small strain tensor.
2.3 Discretisation
2.3.1 Discretised weak form
The domain is partitioned into nel non-overlapping polyhedral elements Ω
h with planar faces. We define
the discrete trial and test spaces by constructing shape functions over the union of all nel ∈ Ω
h. These
shape functions φe are used to discretise the trial and test functions. These trial and test functions are
written as a linear combination, over the union of all elements, of the shape functions φe with (vector)
coefficients ue :
u
h =
nel∑
e=1
φeue
v
h =
nel∑
e=1
φeve (5)
The construction of these (Wachspress) shape functions φe is detailed in Section 2.3.2.
With these notations, the following discrete weak form is obtained, which consists in finding uh ∈
U
h ⊂ U such that for all discretised test functions vh vanishing on the Dirichlet boundary (in set
V
0h ⊂ V 0),
a(uh,vh) = ℓ(vh) (6)
which leads to the following system of linear equations:
Ku = f , (7)
K =
∑
h
K
h =
∑
h
∫
Ωh
B
T
CB dV,
f =
∑
h
f
h =
∑
h
(∫
Ωh
φ
T
b dV +
∫
Γh
t
φ
T
tˆ dS
)
,
where K is the global stiffness matrix, f is the global nodal force vector, C is the constitutive relation
matrix for an isotropic linear elastic material and B = ∇φ is the strain-displacement matrix that is
computed using the derivatives of the shape functions.
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Fig. 1: Barycentric coordinates: Wachspress basis function
2.3.2 Construction of the shape functions
There are different ways to represent the shape functions over arbitrary polytopes [3]. In this paper, the
Wachspress interpolants are used as the approximation functions to describe the unknown fields. These
functions are rational polynomials and the construction of the coordinates is as follows: Let P ⊂ IR3 be a
simple convex polyhedron with facets F and vertices V . For each facet f ∈ F , let nf be the unit outward
normal and for any x ∈ P , let hf (x) denote the perpendicular distance of x to f , which is given by
hf (x) = (v− x) · nf (8)
for any vertex v ∈ V that belongs to f . For each vertex v ∈ V , let f1, f2, f3 be the three faces incident
to v and for x ∈ P , let
wv(x) = det(pf1 ,pf2 ,pf3) (9)
where, pf := nf/hf (x) is the scaled normal vector, f1, f2, · · · , fd are the d faces adjacent to v listed in
an counter-clockwise ordering around v as seen from outside P (see Figure 1) and det denotes the regular
vector determinant in Rd. The shape functions for x ∈ P is then given by
φv(x) =
wv(x)∑
u∈V
wu(x)
. (10)
The Wachspress shape functions are the lowest order shape functions that satisfy boundedness, linearity
and linear consistency on convex polytopes [33,34]. On one front, the use of arbitrary shaped elements
introduces flexibility and on another, it demands the construction of sufficiently accurate integration rules
for computing the terms in the stiffness matrix. This is because the usual and standard integration rules
cannot be employed directly. Some of the approaches to integrate over arbitrary polygons include: sub-
triangulation [29], Green-Gauss quadrature [35], nodal quadrature [36], complex mapping [37] conforming
interpolant quadrature and strain smoothing [31]. The aforementioned integration rules are restricted
to two dimensions. In case of three dimensions, the polyhedron is sub-divided into tetrahedron and
cubature rules over the tetrahedron are used for the purpose of numerical integration. Except for the
strain smoothing technique, other approaches requires a lot of integration points for sufficient accuracy.
In spite of this, it is inferred in [30] that the polygonal elements with existing integration technique do
not satisfy patch test.
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In author’s earlier work [1], a linear smoothing technique was introduced that employed a linear
smoothing function and required 3 integration points per subcell in two dimensions and four integra-
tion points per subcell in three dimensions. This is accompanied by a modified version of the strain-
displacement matrix used to compute the stiffness matrix. The stiffness matrix, as computed within the
framework of the SFEM is:
K˜ =
∑
h
K˜
h
=
∑
h
∫
Ωh
B˜
T
CB˜dV, (11)
The next section describes the new one point integration rule to integrate over the arbitrary polytopes.
3 One point quadrature scheme
In this section, a new numerical integration scheme is proposed to numerically integrate over the star
convex arbitrary polygon and polyhedron inspired from the work of Duan et al., [38]. We restrict ourselves
to cell-based smoothing technique, wherein the physical element is sub-divided into simplex elements.
This sub-division is solely for the purpose of numerical integration and does not introduce additional
degrees of freedom. In this paper, triangles and tetrahedra in two and three dimensions are used as
simplex elements. Similar to our earlier work, a linear smoothing function is employed, however, only one
integration point is used to compute the modified derivative. This is depicted in Figure 2. For sake of
brevity and simplicity of the notation, the derivation of the proposed smoothing scheme is given in detail
only for two-dimensions using the Cartesian coordinate system. The extension to three dimensions is
straight forward and interested readers are referred to the corresponding author to obtain the MATLAB
code.
Within the SFEM framework, the discrete modified strain field ε˜hij that yields the modified strain-
displacement matrix (B˜) which is then used to build the stiffness matrix is related to the compatible
strain field εhij by:
ε˜hij(x) =
∫
Ωh
C
εhij(x) q(x)dV (12)
where q(x) is the smoothing function. On writing Equation (12) at the basis functions derivative level
and invoking Gauss-Ostrogradsky theorem, we get:
∫
Ωh
C
φI,x q(x) dV =
∫
Γh
C
φI q(x)nj dS −
∫
Ωh
C
φI q,x(x) dV (13)
In this work, a linear smoothing function q(x) = {1, x, y} in two dimensions and q(x) = {1, x, y, z}
in three dimensions is employed and numerical integration is employed to evaluate the terms in Equa-
tion (13). Note that the domain integral in Equation (13) is evaluated at the center of the subcell,
xc = (xc, yc) (see Figure 2. The center of the subcell is denoted by ‘open’ circle), whilst, the boundary
integral is evaluated along the boundary of the subcell (the location of integration point on the bound-
ary is represented by ‘filled’ square in Figure 2). However, this will lead to a singular system []. This is
circumvented by introducing higher order derivatives, viz., φ˜I,x(xc), φ˜I,xx(xc), φ˜I,xy(xc) by using Tay-
lor’s expansion of the modified derivatives around the center of the subcell, xc. The Taylor’s expansion
(around the center of the subcell xc) of φ˜I,x(x), q(x) and φI(x), used is defined as:
φ˜I,x(x) = φ˜I,x(xc) + (x− xc)φ˜I,xx(xc) + (y − yc)φ˜I,xy(xc) +O((x− xc)
2) (14a)
q(x) = q(xc) + (x− xc)q,x(x) + (y − yc)q,y(x) (14b)
φI(x) = φI(xc) + (x− xc)φI,x(xc) + (y − yc)φI,y(xc) +
1
2
(x− xc)
2φI,xx(xc)
+ (x− xc)(y − yc)φI,xy(xc) +
1
2
(y − yc)
2φI,yy(xc) +O((x− xc)
3)
(14c)
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(a) Discertization of arbitrary polygon into triangular subcell using virtual point shown by ’open’ circle.
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(b) Discertization of arbitrary polyhedron into tetrahedral subcell using virtual point shown by ’open’
circle.
Fig. 2: Schematic representation of the three point and one point integration techniques. The nodes
are depicted by the filled circles, while the Gauss point per edge/face is shown by filled squares. The
smoothed derivatives are computed at the ’open’ squares over each smoothing cell denoted by Ωc.
Upon substituting Equation (14) into Equation (13), we obtain:
q(xc)Aφ˜I,x(xc) +
[
q,x(xc)I
xx
c + q,y(xc)I
xy
c
]
φ˜I,xx(xc) +
[
q,x(xc)I
xy
c + q,y(xc)I
yy
c
]
φ˜I,xy(xc)
=
∫
Γh
c
φI(x)q(x)n dΓ −
[
AφI(xc) +
1
2
Ixxc φI,xx(xc) + I
xy
c φI,xy(xc) +
1
2
Iyyc φI,yy(xc)
]
(15)
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where A =
∫
Ωh
c
dΩ is the area of the integration domain Ω. The first order area moments with respect to
cell center xc vanish and the second order area moments are given by:

Ixxc
Ixyc
Iyyc

 =
∫
Ωc


(x− xc)
2
(x− xc)(y − yc)
(y − yc)
2

 dΩ (16)
Remark 1 For a regular polygon, the second order area moment Ixyc also vanish apart from the first order
area moments.
Remark 2 Equation (17) always have an unique solution provided the triangles do not degenerate to a
line.
This now leads to the following system of linear equations:
Wdj = f j , j = 1, 2 (17)
where,
W =

 A 0 0Axc Ixxc Ixyc
Ayc I
xy
c I
yy
c


f1 =


3∑
L=1
2∑
G=1
φI(xG)n
L
xwG
2∑
G=1
φI(xG)xGn
L
xwG − Fg
2∑
G=1
φI(xG)yGn
L
ywG


f2 =


3∑
L=1
2∑
G=1
φI(xG)n
L
xwG
2∑
G=1
φI(xG)xGn
L
xwG
2∑
G=1
φI(xG)yGn
L
ywG − Fg


(18)
where
Fg = AφI(xc) +
1
2
Ixxc φI,xx(xc) + I
xy
c φI,xy(xc) +
1
2
Iyyc φI,yy(xc)
where φI(xc), φI,xx(xc)φI,yy(xc) and φI,xy(xc) are the barycentric coordinates and its derivatives are
evaluated at the center of the cell, (xG, yG) and wG are the integration points and the weights respectively,
along the boundary of the smoothing cells (see Figure 2. The integration points are shown as filled circles)
and nLx and n
L
y are the outward normals along the boundary of the smoothing cell. The solution vector
is given by:
d1 =


φ˜I,x(xc)
φ˜I,xx(xc)
φ˜I,xy(xc)

 (19a)
d2 =


φ˜I,y(xc)
φ˜I,yx(xc)
φ˜I,yy(xc)

 (19b)
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This is further used to construct the modified strain displacement matrix and its derivatives used to
evaluate the stiffness matrix as:
B˜ =
[
B˜1 B˜2 .... B˜n
]
(20)
B˜I(xc) =

φ˜I,x(xc) 00 φ˜I,y(xc)
φ˜I,y(xc) φ˜I,x(xc)

 (21)
∂B˜I(xc)
∂x
=

φ˜I,xx(xc) 00 φ˜I,yx(xc)
φ˜I,yx(xc) φ˜I,xx(xc)

 (22)
∂B˜I(xc)
∂y
=

φ˜I,xy(xc) 00 φ˜I,yy(xc)
φ˜I,yy(xc) φ˜I,xy(xc)

 (23)
It should be noted that in the proposed technique the smoothed nodal derivatives are used to compute
the terms in the modified stiffness matrix. To introduce the higher order modified derivatives into the
final discretized form (see Equation (11)), the stiffness matrix is expanded in Taylor’s series (around the
center of the subcell, xc) as:
K˜Ωc =
∫
Ωc
B˜
T
CB˜ dV, (24a)
=
∫
Ωc
[
B˜
T
+
∂B˜
T
∂x
(x− xc) +
∂B˜
T
∂y
(y − yc)
]
C
[
B˜
T
+
∂B˜
T
∂x
(x− xc) +
∂B˜
T
∂y
(y − yc)
]
dV, (24b)
However, to compute the body forces, standard Wachspress interpolants and its higher order derivatives
are employed. The body force is computed as follows:
fb =
∫
Ωc
(
φ
T
b
)
dV, (25a)
=
∫
Ωc
{
φ
T
b|(xc) +
∂φT
∂x
b|(xc)(x− xc) +
∂φT
∂y
b|(xc)(y − yc)
+
1
2
∂2φT
∂x2
b|(xc)(x− xc)
2 +
1
2
∂2φT
∂y2
b|(xc)(y − yc)
2
+
∂2φT
∂x∂y
b|(xc)(x− xc)(y − yc)
}
dV,
(25b)
= AφTb|(xc) +
1
2
Ixxc
∂2φT
∂x2
b|(xc) +
1
2
Iyyc
∂2φT
∂y2
b|(xc) + I
xy
c
∂2φT
∂x∂y
b|(xc) (25c)
4 Numerical examples
In this section, we demonstrate the accuracy and the convergence properties of the proposed linear
smoothing scheme (LS) over arbitrary polytopes using 1n integration point. The LS scheme is compared
to the constant smoothing (CS) scheme by solving few benchmark problems. We also demonstrate the
performance of the proposed scheme in a simple three-dimensional elasticity problem. In all the numerical
examples, we discretize the domain with arbitrary polytopes based on centroid Voronoi tessellation. The
two dimensional polygonal meshes are generated by using the built-in Matlab function voronoin and the
Matlab functions in Polytop [4]. The open-source software Neper [39] is used to generate polyhedra
meshes. For the purpose of error estimation and convergence studies, the L2 norm and H1 seminorm of
the error are used. The following convention is used while discussing the results:
– CS: constant smoothing over arbitrary polygons in two dimensions.
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– LS3n-2D, LS3n-3D: linear smoothing scheme with three point integration rule over arbitrary poly-
topes, in two and in three dimensions, respectively.
– LS1-2D, LS1-3D: linear smoothing scheme with one point integration rule over arbitrary polytopes,
in two and three dimensions, respectively.
Before we proceed with the numerical examples, the proposed integration scheme is employed to
numerically integrate few polynomials over arbitrary polygons and polyhedra (see Figure 3 for description
of polytopes). The geometry of the polygon and the polynomials are take from [37,40]. The results from
the proposed method are compared with conforming interpolant quadrature (CIQ) [22] and analytical
solutions. Tables 1 - 4 shows the results of numerical integration of the polynomials with the proposed
scheme. It is opined that the proposed numerical integration yields accurate results when compared to
conventional integration. It is further emphasized that the proposed approach requires only n integration
points
(1.491,-1.315)
(-4.569,1.867)
(-4.845,-3.110) (-3.310,-3.164)
(4.561,2.317)
(a)
(1,0.5)
(0.75,0.85)
(0.5,1)
(0,0.25)
(0.7,0.2)
(0.1,0)
(b)
(-1.49,-4.503)
(-0.981,4.447)
(-3.766,-1.622)
(-4.24,-0.091)
(1.22,-0.827)
(0.132,4.027)
(-3.16,4)
(c)
(0,0,5)
(5,0,5)
(5,0,0)(0,0,0)
(5,5,0)
(0,5,0)
(0,5,5) (5,5,5)
(d)
Fig. 3: Arbitrary polytopes: a) Pentagon b) Hexagon c) Heptagon and d) Hexahedron.
4.1 Linear patch test
In the first example, the accuracy and the convergence properties of the proposed one point quadrature
(LS1-2D, LS1-3D) is demonstrated with a linear and a quadratic patch test.
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Table 1: Numerical integration of polynomial functions over irregular pentagonal domain: comparison
between the CIQ using 65 integration points and the LS1-2D using 5 integration points.
Polynomial Exact results CIQ LS1-2D
function Evaluated Relative Evaluated Relative
results error results error
1 32.95749050000000 32.95749384993172 1.02×10−07 32.95749050000000 0.00000
x 36.57243417200000 36.57238829642015 1.25×10−06 36.57243417200428 1.17×10−13
x2 212.9212361315146 212.9188256614823 1.13×10−05 212.9212361315097 2.30×10−14
xy 47.43617079993337 47.43672095414618 1.16×10−05 47.43617079994323 2.08×10−13
Table 2: Hexagonal domain: comparison between the CIQ using 78 integration points and the LS1-2D
using 6 integration points.
Polynomial Exact results CIQ LS1-2D
function Evaluated Relative Evaluated Relative
results error results error
1 0.535000000000000 0.5349995495917054 8.42×10−07 0.5350000000000000 0.00000
x 0.261416666666667 0.2614159504448907 2.74×10−06 0.2614166666666675 1.70×10−15
x2 0.154606250000000 0.1546051808604657 6.92×10−06 0.1546062500000020 1.28×10−14
xy 0.133510416666667 0.1335091506087918 9.48×10−06 0.1335104166666682 9.15×10−15
Table 3: Irregular heptagon domain: comparison between the CIQ 91 integration points and the LS1-2D
using 7 integration points.
Polynomial Exact results CIQ LS1-2D
function Evaluated Relative Evaluated Relative
results error results error
1 32.368828500000001 32.36886234983820 1.05×10−06 32.36882850000001 0.00000
x 49.533099820500006 49.53510843558120 4.06×10−05 49.53309982050202 4.07×10−14
x2 126.2695344633893 126.2673175334039 1.76×10−05 126.2695344633924 2.49×10−14
xy 18.035793954103632 18.03503793073484 4.19×10−05 18.03579395410433 3.86×10−14
Table 4: Three dimensional hexahedron: comparison between the CIQ and the LS1-3D. The polynomial
used for the purpose of integration is: x2 + y2 + xy + z2.
CIQ LS1-3D
Exact results 3906.25 3906.25
Number of integration points 324 24
Evaluated results 3906.250000000005 3906.250002947967
Relative error 1.16×10−15 7.55×10−10
Linear patch test The following displacements are prescribed on the boundary in the two-dimensional
case: (
uˆ
vˆ
)
=
(
0.1 + 0.1x+ 0.2y
0.05 + 0.15x+ 0.1y
)
(26)
and in the three-dimensional case the following displacements are prescribed on the boundary:
uˆvˆ
wˆ

 =

 0.1 + 0.1x+ 0.2y + 0.2z0.05 + 0.15x+ 0.1y + 0.2z
0.05 + 0.1x+ 0.2y + 0.2z

 . (27)
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(a) (b)
(c) (d)
Fig. 4: Square domain discretized with polygonal elements. Representative meshes containing (a) 10, (b)
20, (c) 50 and (d) 100 polygons.
Table 5: Error in the L2 norm and H1 seminorm for the two-dimensional linear patch test.
Mesh CS LS3n-2D LS1-2D
(c.f. Figure 4) L2 H1 L2 H1 L2 H1
a 1.73×10−07 2.33×10−05 5.38×10−14 2.84×10−11 8.38×10−15 2.96×10−13
b 1.70×10−07 3.41×10−05 1.93×10−13 4.43×10−11 7.62×10−14 4.79×10−12
c 7.20×10−07 2.26×10−04 2.01×10−13 7.01×10−11 1.43×10−13 1.28×10−11
d 7.42×10−07 2.58×10−04 2.96×10−13 1.02×10−10 2.71×10−13 2.76×10−11
The exact solution to Equation (1) is u = uˆ in the absence of body forces. The domain is discretized
with arbitrary polygonal and polyhedral finite elements. Figure 4 and Figure 5 shows a few representative
meshes used for the two and three dimensional studies, respectively. The errors in the L2 norm and the
H1 seminorm for the CS, LS3n schemes and the proposed LS1 one point quadrature are shown in Table
5 for two-dimensions and in Table 6 for three dimensions. It can be seen that the proposed one point
quadrature scheme passes the linear patch test to machine precision for both polygonal and polyhedral
discretizations.
Next, to study the convergence properties of the proposed technique, the following higher order
displacements are prescribed on the boundaries:
(
uˆ
vˆ
)
=
(
0.1x2 + 0.1xy + 0.2y2
0.05x2 + 0.15xy+ 0.1y2
)
, (28)
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(a) (b)
(c) (d)
Fig. 5: Cube domain discretized with polyhedral elements. Representative meshes containing (a)9, (b)
25, (c) 100 and (d) 300 polyhedra.
Table 6: Error in the L2 norm and H1 seminorm for the three-dimensional linear patch test.
Mesh LS3n-3D LS1-3D
(c.f. Figure 5) L2 H1 L2 H1
a 2.03×10−12 3.34×10−10 2.98×10−11 2.23×10−10
b 1.92×10−12 1.75×10−10 7.38×10−10 5.56×10−09
c 2.66×10−12 4.93×10−10 2.08×10−10 2.13×10−09
d 3.21×10−12 3.11×10−10 7.73×10−10 1.28×10−09
in the two-dimensional case and the following in the three-dimensional case:

uˆvˆ
wˆ

 =

 0.1 + 0.2x+ 0.2x+ 0.1z + 0.15x2 + 0.2y2 + 0.1z2 + 0.15xy + 0.1yz + 0.1zx0.15 + 0.1x+ 0.1y + 0.2z + 0.2x2 + 0.15y2 + 0.1z2 + 0.2xy + 0.1yz + 0.2zx
0.15 + 0.15x+ 0.2y + 0.1z + 0.15x2 + 0.1y2 + 0.2z2 + 0.1xy + 0.2yz + 0.15zx

 (29)
The exact solution to Equation (1) is u = uˆ when the body is subjected to the body forces:
b =
(
−0.2C(1, 1)− 0.15C(1, 2)− 0.55C(3, 3)
−0.1C(1, 2)− 0.2C(2, 2)− 0.2C(3, 3)
)
, (30)
in two-dimensions and
b =

−0.3C(1, 1)− 0.2C(1, 2)− 0.15C(1, 3)− 0.6C(4, 4)− 0.35C(6, 6)−0.15C(1, 2)− 0.3C(2, 2)− 0.2C(2, 3)− 0.55C(4, 4)− 0.4C(5, 5)
0.1C(1, 3)− 0.1C(2, 3)− 0.4C(3, 3)− 0.3C(5, 5)− 0.4C(6, 6)

 (31)
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in three dimensions, where C is the constitutive matrix. Figure 6 shows the convergence rates when the
domain is discretized with polyhedral linear elements. It can be inferred that the proposed one point
quadrature scheme yields optimal convergence rates.
4.2 Thick cantilever beam under end shear
In this example, a two-dimensional cantilever beam subjected to a parabolic shear load at the free end is
examined, as shown in Figure 7. The geometry of the cantilever is L = 10 m and D = 2 m. The material
properties are: Young’s modulus, E = 3×107 N/m2, Poisson’s ratio ν = 0.25 and the parabolic shear
force is P = 150 N. The exact solution for the displacement field is given by [41]:
u(x, y) =
Py
6EI
[
(9L− 3x)x+ (2 + ν)
(
y2 −
D2
4
)]
,
v(x, y) = −
P
6EI
[
3νy2(L− x) + (4 + 5ν)
D2x
4
+ (3L− x)x2
]
. (32)
where I = D3/12 is the second area moment. A state of plane stress is considered. Figure 8 shows
few sample polygonal meshes. The numerical convergence of the relative error in the L2 norm and
the H1 seminorm is shown in Figure 9. It can be seen that the proposed one point integration rule
yields optimal convergence rate in both the L2 norm and the H1 seminorm. With mesh refinement
the solution approaches the analytical solution asymptotically. It is further noted that the proposed
integration rule yields similar results when compared to the recently proposed integration rule [1] that
employs 3n integration point per element (see Figure 2a).
4.3 Three dimensional cantilever beam under end torsion
Consider a prismatic cantilever beam withΩ : [−1, 1]×[−1, 1]×[0,L] (see Figure 10 (a) for geometry of the
domain) subjected to end torsion. The material is assumed to be homogeneous and isotropic with Youngs’
modulus, E = 1 N/m2, Poisson’s ratio ν = 0.3 and shear modulus G = E/(2(1+ν)). Two different loading
conditions, viz., end shear load and end torsion, are considered here for which analytical solutions are
available in the literature. The accuracy and the convergence properties are studied for random closed-
pack Voronoi mesh. Figure 11 shows a few representative random Voronoi meshes employed for this study.
The exact displacement solution for this boundary value problem is [42]:
ux = −βyz
uy = βxz
uz = β
[
xy +
∞∑
n=1
32a2(−1)n
π3(2n− 1)3
sin
(
(2n− 1)
πx
2a
) sinh((2n− 1)piy2a )
cosh((2n− 1)piy2a )
]
(33)
where the constant β is proportional to the total torque applied to the beam. The exact Cauchy stress
field is given by:
σxx = σxy = σyy = σzz = 0
σxz = Gβ
∞∑
n=1
16a(−1)n
π2(2n− 1)2
cos
(
(2n− 1)
πx
2a
) sinh((2n− 1)piy2a )
cosh((2n− 1)piy2a )
σyz = Gβ
[
2x+
∞∑
n=1
16a(−1)n
π2(2n− 1)2
sin
(
(2n− 1)
πx
2a
) cosh((2n− 1)piy2a )
cosh((2n− 1)piy2a )
]
(34)
The infinite series in Equations (33) - (34) is truncated at n = 40. The exact solution for the displacement
is prescribed on the surface at z = L and at z = 0, surface tractions are applied at the rest of the
boundary, which are consistent with the exact stress field. The convergence of the proposed technique
14 S. Natarajan et al.,
10−2 10−1 100
10−5
10−4
10−3
10−2
10−1
100
1
1
1
2
h
R
el
a
ti
v
e
er
ro
r
in
th
e
L
2
n
o
rm
a
n
d
H
1
se
m
in
o
rm
L2 (LS3n-2D)
L2 (LS1-2D)
H1 (LS3n-2D)
H1 (LS1-2D)
(a) Two dimensional domain
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Fig. 6: Convergence results for the quadratic patch test. The domain is discretized with arbitrary poly-
topes. The new integration scheme delivers optimal convergence rates in both the L2 norm and H1
seminorm with three times as many integration points per element as the standard approach.
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D
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Fig. 7: Geometry and boundary conditions for the two dimensional cantilever beam problem.
(a) (b)
(c) (d)
Fig. 8: Sample meshes for the two dimensional cantilever beam problem containing: (a) 80, (b) 160, (c)
320 and (d) 640 polygons.
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Fig. 9: Convergence of the relative error in the L2 norm and the H1 seminorm with mesh refinement for
a two-dimensional cantilever beam subjected to end shear. It is inferred that the proposed integration
scheme yields optimal convergence rates.
over arbitrary polyhedron with mesh refinement is studied. The error in the L2 and the H1 seminorm
is shown in Figure 12 and it can be seen that the proposed approach yields optimal convergence rates.
The results from the present approach is compared with the linear smoothing technique that employs 4
integration points per tetrahedron.
4.4 Three dimensional L-shaped block
Consider a three dimensional square block with a cubic hole subjected to the surface traction ’t=1N/mm’
as shown in Figure 13. Only a quarter of the domain is modeled due to symmetry. This results in a
three dimensional L-shaped block as shown in Figure 13. Input parameters used for this analysis are
a=50mm, E=1 MPa and ν=0.3. The reference solution (Strain energy = 382505 MPa) is evaluated using
the commercial software Abaqus with a very fine mesh (49211 number of elements) using tetrahedron
elements. The result shown in Figure 15 concludes that the strain energy converges to the reference
solution with the proposed numerical integration rule (i.e. LS1-3D) with mesh refinement. Few of the
sample meshes used are shown in Figure 14.
5 Concluding Remarks
A linearly consistent one point quadrature rule has been proposed to integrate over star convex arbitrary
polytopes. The results from the proposed scheme are compared with the linear smoothing scheme. The
linear smoothing scheme (denoted as LS3n-2D/LS3n-3D in the paper) consists in subdividing the poly-
element into simplices (triangles or tetrahedra). The linear smoothing scheme is then performed over
each triangle. This process requires 3n and 4n integration points per element, where n is the number of
sides/face of the element. This significantly reduces the computational effort whilst preserving accuracy
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Fig. 10: Cantilever beam: (a) Geometry, length L and rectangular cross-section of width 2a and height
2b. For the present study, the following dimensions are considered: L = 5, a = b = 1.
and stability. The proposed integration rule yields also preserves optimal convergence rates in both the
L2 norm and in the H1 seminorm.
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(a) (b) (c)
(d)
Fig. 11: Sample meshes for the three dimensional cantilever beam problem containing (a) 50, (b) 100, (c)
300 and (d) 2000 polyhedra.
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Fig. 15: Convergence of the strain energy of the three dimensional L-shaped block with mesh refinement.
It can be seen that the proposed integration rule LS1-3D and LS3n-3D convergences to the reference
solution simultaneously.
